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Transient Analysis of Hybrid Rocket Combustion by the 
Zeldovich-Novozhilov Method 

Changjin Lee*, Jae-Woo Lee, Do-Young Byun 
Department o f  Aerospace Engineering, K o n k u k  University, 

# 1 H w a y a n g -  dong, K wangjin-gu, Seoul  143 - 701, Korea 

Hybr id  rocket combus t ion  has  a mani fes ta t ion  of  s table response  to the pe r tu rba t ions  com- 

pared to solid p rope l l an t  combus t ion .  Recently,  it has  revealed that  the low frequency com- 

bus t ion  instabi l i ty  abou t  10 Hz was occurred main ly  due to the rmal  iner t ia  of  solid fuel. In this 

paper,  the c o m b u s t i o n  response  funct ion was theoret ical ly  der ived by use of  Z N ( Z e l d o v i c h -  

Novozh i lov)  method.  The  result  with H T P B / L O X  c o m b i n a t i o n  showed  a qui te  good agreement  

in response  funct ion with previous  works and  could  predict  the low frequency osc i l la t ions  with 

a peak a round  10 Hz which was observed exper imental ly .  Also,  it was found that  the ampl i -  

f icat ion region in the f requency d o m a i n  is i ndependen t  of  the regression rate exponen t  n but  

showed the dependence  of  ac t iva t ion  energy. Moreover ,  the response  funct ion  has  s h o w n  that  the 

hybr id  combus t ion  system was s table  due to negat ive heat  release of  solid fuel for vapor iza t ion ,  

even though  the add i t ion  of  energet ic  ingredients  such as A P  and  AI could  lead to increase heat  

release at the fuel surface. 

Key Words : Hybr id  Rocket  C o m b u s t i o n ,  Ze ldov ich  Novozh i lov  Method,  C o m b u s t i o n  

Instabi l i ty ,  Negat ive Heat  Release, The rma l  Iner t ia  of  Solid Fuel  
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x : X - a x i s  

X : N o n - d i m e n s i o n a l  x-axis  

as : The rma l  diffusivity of  solid iuel 

a : Roots  of  a ( a - -  I) = i . Q  

,v : Sensit ivity pa ramete r  

p : Densi ty  

: N o n  d imens iona l  ac t iva t ion  energy 

u : Sensit ivity pa rame te r  defined in (13) 

,.(2 : N o n - d i m e n s i o n a l  frequency 

r : N o n  d imens iona l  t ime 

/ l : Sensit ivi ty pa rame te r  defined in (13) 

0 : N o n - d i m e n s i o n a l  t empera tu re  

a" : Sensit ivi ty pa rame te r  defined in (13) 

: D imens iona l  angu la r  f requency 

Subscripts and superscripts 
( ) c "  Condensed  phase  

( i " Steady state 
^ 

( ) " Func t i on  of  x only  

( )s " Surfitce 

( ) ' '  Per turbed  quan t i ty  

(, )o" Cold  b o u n d a r y  of  fuel 
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( )o~: Oxidizer 

1. Introduction 

Hybrid rocket has regained a spotlight not 

only by its excellent safety in combustion process 

but also by its advantage in development cost 

although the inferiority of density specific im- 

pulse and the low charging efficiency. Generally, 

hybrid rocket combustion is very complicated by 

interaction between the solid fuel regression rate 

and the heat transfer from the boundary layer of 

chemically reacting flow. The combustion is ba- 

sically the turbulent diffusion flame, tbr which 

the flame is formed by diffusion of oxidizer and 

vaporized fuel gas within the boundary layer. 

Many experimental results reported that the un- 

bounded pressure oscillations usually found in 

solid and liquid rocket systems have not been 

observed in hybrid motors. 

Two types of combustion instability have been 

shown in the hybrid rocket tests. One of them 

is the instability induced by an oxidizer feeding 

system and the other is the flame holding insta- 

bility due to acoustic disturbances in a re-circu- 

lation zone. Jenkins and Cook (1995) had focus- 

ed on low frequency oscillation around 10 Hz 

with theoretical model of I-D hybrid rocket. 

They specially concerned about fill time of oxi- 

dizer flux in the motor as the candidate of low 

frequency oscillations and studied L* dependency 

on the frequency of oscillation. And their study 

did show a quite good agreement with experi- 

mental data observed various tests. 

Recently, Karabeyglu and Altman (1997, 1999) 

had identified that low frequency oscillations in 

hybrid rocket combustion are mainly due to both 

thermal lag of solid fuel and the boundary layer 

adjustment to external perturbations. They also 

explored the instability mechanism by the use of 

linear perturbation method as an interaction be- 

tween the regression rate with the heat flux 

through the boundary layer and the thermal d i f  

fusion of solid fuel. 

Rocker (2000) had conducted a series of experi- 

mental tests with 24 inch hybrid motor to identify 

and to simulate the non acoustic low frequency 

instabilities. In the results, he found three types of 

oscillation with different frequency ranges; 2--3 

Hz, 6.5 Hz and around 10 Hz. The process of 

fill-flush of oxidizer in the grain may induce 2--3 

Hz oscillation and 6.5 Hz oscillation was found to 

be attributed to the feed system vibration. 

Although many researches have revealed the 

fundamental mechanism of low frequency oscil- 

lations around 10 Hz in hybrid rocket system, it 

is also true that many aspects of instability still 

remains unveiled. For example, the result by 

Karabeyglu and Altman (1997, 1999) did not 

reveal the effect of some operating parameters on 

the stability behavior such as surface tempera- 

ture of solid fuel and heat release by decom- 

position. In this study, therefore, low frequency 

instability about 10 Hz is mainly focused for 

the linear analysis by the use of ZN (Zeldovich- 

Novozhilov) method, which was successfully ap- 

plied to the stability analysis of solid propellant 

combustion (Nobozhilov, 1992: Lee and Kim, 

1999). Unlike the previous studies (Karabeyglu 

and Altman, 1997, 1999), thermal inertia of solid 

fuel was only accounted for in the analysis and 

the response function of regression rate to the 

oxidizer flux perturbations was directly derived. 

The effect of the regression rate exponent n on 

the combustion instability was examined. Also 

the stability behavior of combustion was checked 

with the change of sensitivity parameters. Then, 

we tried to explain the basic mechanism of low 

frequency instability and the characteristics of 

intrinsic instability of hybrid rocket motor. 

2. Governing Equations 

Schematic of solid fuel and oxidizer flux is 

shown in Fig 1. Solid fuel was assumed to move 

vertically with the regression rate r ,  so the sur- 

face remains unchanged. By assuming the quasi- 

steady response in the gas phase, the unsteady 

energy equation of solid fuel is the only equation 

needed for low frequency instability of hybrid 

motor. In the energy equation, the heat needed for 

decomposition, pyrolysis and vaporization was 

assumed negligible compared to the total amount 

of heat transferred to fuel surface. The governing 
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Fig. 1 
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Schematic of 2-D solid fuel surface and ref- 
erence coordinate 

equation is, therefore, 

3 T  3 T  
pcCc( o{-+r ~x ) = k c - -  

And boundary conditions are 

x -~ - ~  T=To 
x=O T= T~ 

o ~ T  (l-a) 
c~x 2 

( l -b)  

It should be noted that the surface temperature 

Ts, which is still unknown, was used in the boun- 

dary condition even though the surface tempera- 

ture should be determined by the heat balance 

between heat conduction through solid fuel and 

convective heat transfer from hot gas region. How- 

ever, Karbeyglu and Altman (1997, 1999) used a 

heat balance condition at surface instead. Non-  

dimensional parameters were adopted to trans- 

form the governing equation into non-dimen- 

sional one. Then the equation becomes 

c~0+R O 0  320 (2-a) 
Or 8X 3X ~ 

Here 

T - T o  x t 
0 - -  X - -  

T~-  To' as/r' a s ~ r 2  (Z-b) 

f (3T~  R = r / ; ,  ¢= f / f ,  = \ 3 x  /0 

( - )  means a steady state variable and as a ther- 

mal diffusivity of solid fuel. Since the pertur- 

bation takes place based on the steady state com- 

bustion, it is reasonable to obtain the steady solu- 

tion of the energy equation first. And the steady 

equation becomes 

R c ~ 0  Ozt~ (3) 
3)( 9 X  2 

with boundary conditions 

X ~ - c o  0 = 0  

X = O  ~ = l  

And the steady solution with _/~=1 has a form 

O(X) =exp (X) (4) 

In the linear analysis, perturbations of non-di-  

mensional regression rate R and non-dimension- 

al temperature 0 can be assumed as the sum of 

steady value and Fourier perturbed function re- 

spectively as 

R = 1 + / ~ e  ~r 
(5) 

0 = 0 +  0 (X) e ~r 

Thus, the perturbed governing equation becomes 

820 ~ ff~Ox-if20=t~eX (6) 
3X 2 

And the perturbed temperature in the solid fuel is 

1 t~eX (7) 9(X) = c l e  ~ X -  iS2 

Here cl is an integration constant, a(a I) =ig2, 

and i is an imaginary number ;  i 2 = - - 1 .  And a 

dimensionless angular frequency is denoted by f2 

and has the relation with dimensional frequency 

as f2=W(as/~2) .  Since this derivation was ba- 

sically the same as that by Novozhilov (1992) 

and, Ibiricu and Williams (1975). 

3. Response Function 

In the previous studies, the stability analysis 

included two kinds of combustion response; the 

response of turbulent boundary layer to the oxi- 

dizer fluctuation and the response of thermal in- 

ertia to heat transfer fluctuation to the fuel sur- 

face. According to previous results, time for boun- 

dary layer adjustment was found as an order of 

100 ms ranging from 40 ms to 160 ms depending 

on various motor sizes, which is comparable to 

thermal lag time scale (--178 ms). Thus it is 

plausible to assume the boundary layer adjust- 

ment time cannot significantly affect the funda- 

mental frequency of the system since the fre- 

quency is approximately proportional to the in- 

verse of characteristic time. In this study, there- 

fore, it was assumed that the boundary layer 
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adjustment to the oxidizer perturbation com- 

pleted instantaneously. Also, the thermal inertia 

of solid fuel was considered as a dominant factor 

to cause low frequency oscillations. 

It is possible to assume that the instantaneous 

regression rate r and the surface temperature Ts 

depends on the temperature gradient at the sur- 

thce and oxidizer mass flux as 

T~=T~(f, Gox) r = r ( f ,  Gox) (8) 

This is the main idea of ZN method originally 

adopted by Novozhilov (1992) for the stability 

analysis of solid propellant combustion. As seen 

in Eq. (8), surface temperature and regression 

rate is linked indirectly with heat transfer fluc- 

tuations from the hot gas region respectively. This 

relation is valid in hybrid system regardless of the 

type of burning regime, unsteady or quasi-steady. 

Also the effective temperature Te can be defined 

by the steady solution of energy equation at the 

surface as 

Te = Ts-a_s f (9) 

Combining Eqs. (8) and (9), the functional de- 

pendency of Ts and r can be finally derived as 

T~=T~(Te, Gox) r = r ( T , ,  Gox) (10) 

Thus, it is not difficult to obtain the combustion 

response function to oxidizer flux fluctuation 

without having detailed characteristics of heat 

transfer from the hot gas region. It is well known 

the regression rate r of hybrid motor has the 

functional relation with oxidizer mass flux that is 

analogous to the burning rate in the solid motor 
n as =aGox. Here Gox is the oxidizer flux in the 

grain of hybrid rocket motor and the constants a, 

n can be experimentally determined. 

During the oxidizer mass flux fluctuations, Gox 
is perturbed from the steady value. Also, it is 

appropriate to represent the unsteady regression 

rate and the surface temperature as the sum of 

steady value and the small corrections accounting 

for only the first order derivative as shown in Eq. 

(5), if the burning surface is weakly perturbed by 

the oxidizer flux fluctuation. Also, we have a 

perturbed regression rate and a perturbed surface 

temperature in the mathematically exact form 

without resorting to the detail in the gas phase. 

(11) 
3r  

The non-dimensional  form of the exact relations 

in Eq. (11) become respectively 

Os=(Os-q~+ ~) x+ ~d 
/ ~ =  (t~a-- ~ + / ~ )  ~'+ uG (12) 

Here ~=Gox/Go, and sensitive parameters are 

defined by 

u= { O l n ~  1 3 1 n T ~  (13) 

O l n C o , , ) ' ' u - T s - T o  ( 0 In Gox ) \ 

= vzt" - - , u K  

The response function is defined by the ratio of 

normalized regression rate perturbation to the 

normalized oxidizer mass flux fluctuation and it 

becomes as 

(r ' /Y) 
Rcox-- C -- Gbx/ Gox (14) 

It is not difficult to find that two more indepen- 

dent relations are required to eliminate q~ and 

0s and to derive the response function from Eq. 

(12). By the use of perturbed temperature and the 

perturbed temperature gradient at the surface, the 

response function becomes 

v + 3 ( a - - l )  
R~°~= l + (zc- •/a) ( a -  l) is) 

This represents the response of the regression 

rate to the oxidizer flux perturbations. Thus, the 

response of hybrid rocket combustion can be 

analyzed by the response function. Here Jacobian 

3 is chosen as zero since the regression rate r 

and surface temperature Ts shows a certain cor- 

relation with each other. Also it is instructive to 

note the steady value of the response function 

Reox becomes n, the regression rate exponent, in 

the limit of ,.Q --, 0. 

Sensitivity parameters ~r and ~c are very impor- 

tant factors in determining the intrinsic stability 
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behavior of response function. By reviewing the 

response function gcox and setting the denomi- 

nator to be zero, it is possible to derive the in- 

trinsic instability condition that renders the com- 

bustion response unbounded. Novozhilov (1992) 

studied the intrinsic stability and identified the 

stable region in (x, ~r) plane. The simple manip- 

ulation revealed the sensitivity parameter should 

be in the certain range as 0 < r e <  I, /c> 1 for stable 

response to the external perturbations. Thus, the 

stability region is defined as 

~c< 1 always stable 

K>I  stable only if 
(~-- 1) z a-> 

~'+1 

The combustion shows always a stable response 

if sensitivity parameter of (K, 7c) remains inside of 

the boundary. However, the response function 

becomes unbounded as the point in (~c, a') plane 

approaches the boundary. It is, therefore, true 

that the closer to the boundary, the larger the 

amplitude of the response function. The outside 

of the boundary corresponds to the region of 

unstable response. This is quite analogous to the 

mathematical concept of resonance for spring- 

mass system with the presence of an external 

excitation. The thick solid line in Fig. 8 shows 

the stability boundary. 

release during decomposition. Moreover, solid 

fuel needs heat fluxes from the hot gas region for 

gasification and decomposition is endothermic 

reaction of the order of magnitude of 300--400 

cal/gr. Here A is the pre-exponential factor, c 

is specific heat, and Ea is activation energy of 

solid fuel. By using the regression rate expres- 

sion, sensitivity parameters and non-dimensional  

activation energy c can be defined as 

e -  -z  ( T ~ -  To), u = 3 In ~ 
R~T~ O ln Gox = n  

1 I O~ 1-1 17) 
' v = 2  L 2 C ( T s -  To) 

As seen in Eq. (17), sensitivity parameters 

and zc depends on several factors such as temper- 

ature difference, T s - T o  heat release at the sur- 

face Oc, and non-dimensional  activation energy 

6. Parameter u represents the dependence of the 

regression rate on oxidizer mass flux and identi- 

cally equals to the regression rate exponent n as 

shown in Eq. (17). It is very instructive to note 

that the stability behavior of (K, a) correspond- 

ing to the change of operating parameters can 

take an important role in determining the com- 

bustion stability. 

Asymptotic expression of regression rate 
For solid propellant combustion, Ibiricu and 

Williams (1975) proposed an asymptotic expres- 

sion of burning rate in the steady state. The 

burning rate has the form 

( o s r ) z = A R ,  TZ~p~cas e x p ( - E a / R ~ T s )  (16) 
Ea[ c( T s -  To) - Qc/2] 

Although the expression for regression rate is 

valid only for steady state combustion, we assume 

that this expression can be applicable to the com- 

bustion environment where the perturbations are 

sufficiently small compared to steady operational 

state. Here Oc represents the heat release by de- 

composition of solid fuel at the surface. Also the 

chemical reaction is assumed to obey Arrhenius's 

law; r = A p s e x p ( - E a / R ~ T s ) .  It is, however, 

to note that solid fuel does not generate any heat 

4. Resul t s  and Di scuss ion  

It is well known that the regression rate r is 

dependent on the oxidizer mass flux and has a 

form of 

r=aGgx (18) 

The nominal range of the regression rate ex- 

ponent n is between 0.4 and 0.9 for HTPB fuel, 

although the addition of A1 or AP (Ammonium 

Perchlorate) leads to increase in the exponent 

up to 0.96. (lbincu and Williams, 1975) In this 

study, the response function was studied only 

tbr HTPB/LOX hybrid system. The material 

properties of HTPB are mainly excerpted from 

Karabeyglu and Altman (1997, 1999). The nomi- 

nal and material properties are specified as 

follows; specific heat c=0.57 cal/gr K, density 
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ps=O.93gr/cm 3, t he rma l  diffusivity a s = l . 0 X  

10 -3 cm2/sec, and surface t empera tu re  T s : 8 2 0  K. 

The  t empera tu re  at the cold b o u n d a r y  was as- 

sumed T 0 = 3 0 0  K. In the ca lcu la t ion ,  the rcfer- 

ence regression rate was also used as 0.075 c m /  

sec. Using  the mater ia l  proper t ies ,  the the rmal  lag 

t ime was ca lcula ted  as rth=as/r2=O.178sec, 
which represented tha t  the solid fuel system had  

an in t r ins ic  f requency of  abou t  5 - - 1 0  Hz to pe- 

r tu rba t ions .  The  variety of  the exponen t  in the 

range  of  n = 0 . 5 - - 0 . 9  was also used. The  act iva-  

t ion  energy of  solid fuel, HTPB,  was selected in 

the range  of  Ea= 1 2 - 6 0  kca l /mole ,  and  the cor- 

r e spond ing  n o n - d i m e n s i o n a l  ac t iva t ion  energy e 

was between 4.7 and  23.4. 

F igure  2 shows the c o m b u s t i o n  responses  to 

oxidizer  f luc tuat ions  for n = 0 . 5  and  n = 0 . 8  re- 

spectively. Heat  release was assumed to be zero 

for the purpose  of  s impl i f ica t ion  in this  calcula-  

t ion.  As can be seen, three response  curves are 

d isp layed  wi th  the change  of  n o n - d i m e n s i o n a l  

ac t iva t ion  energy from l0 to 30 for each regres- 

sion exponen t  n. The  l imi t ing  value  of  the res- 

ponse  func t ion  Rcox becomes u when  n o n - d i -  

mens iona l  f requency f2 approaches  to zero, and  

we know tha t  the ampl i tude  of  steady state re- 

sponse,  u, was identif ied as the regression rate 

exponen t  n f rom Eq. (17).  Fo r  n = 0 . 5 ,  the re- 

sponse  curve shows its peak f requency at a r o u n d  

4 Hz when  e =  10. It is not  difficult  to observe  the 

peak f requency migrates  to 8 Hz and  11 Hz as 

n o n - d i m e n s i o n a l  ac t iva t ion  energy e increases up 

to 30. For  n = 0 . 8 ,  the response  curves show the 

s imilar i ty  in shape  and  pat tern  to the response  

curves for n = 0 . 5  except for the ampl i tude  of  the 

response.  The  ampl i tude  of  response  funct ion  se- 

ems to be qui te  dependen t  on the exponen t  n and  

shows a larger peak for a larger n. In addi t ion ,  

the loca t ion  of  peak f requency migrates  to a 

h igher  f requency as n o n - d i m e n s i o n a l  ac t iva t ion  

energy e becomes  large with a s imi lar  peak fre- 

quency pat tern  as s h o w n  in the response  curve 

for n = 0 . 5 .  The  exponen t  n, however ,  does not  

inf luence on migra t ion  o f  peak f requency of  re- 

sponse  funct ion.  S imi lar i ty  can  be seen between 

two curves for different exponen t  n = 0 . 8 ,  and  

n = 0 . 5 .  One  o f  the best methods  to find the 

s imi lar i ty  between two curves is the normal i -  

za t ion  by the ini t ial  value. 

F igure  3 shows the response  curves normal i zed  

by the s teady ampl i tude  of  response  funct ion,  n, 

which  is equ iva len t  to the ampl i tude  of  response  

func t ion  in the l imit  of,(2 --* 0. Also it is interest-  

ing to find that  response  curves show the s imi lar-  

ity in shape  regardless  of  the exponen t  n and  on ly  

depend  on  the n o n - d i m e n s i o n a l  ac t iva t ion  energy 

e. In the actual  system, the exponen t  n represents  

the c o m b u s t i o n  character is t ics  of  solid fuel and  

is general ly  in the range of  0 . 4 < n < 0 . 9 .  There  

1.2 
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Fig. 2 

[- n=0.8 
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Response curves for n=0 .5 ,  and n = 0 . 8  with 

various activation energy. Similarity can be 

lbund in response curves for different n 

1 . $  I " i . . . . . .  T r F 
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Fig. 3 Normalized response curves with various 

values of activation energy. The regression 

rate exponent n does not have an influence on 
the response curve 
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should be an influence of n on the response 

behavior of the combustion. However, this study 

with a linear analysis could not reveal the in- 

fluence of the exponent n on the combustion 

response and will be remained as 

topic. 

It should be also noted that 

heat release by decomposition 

ponse does not accounted for in 

amplitude of response function 

a future research 

the influence of 

Q¢ on the res- 

Fig. 3. Since the 

was normalized 

by the steady state response n, the normalized 

amplitude above unity denotes the region of the 

amplification of input perturbations. As can be 

seen in Fig. 3, the increase in the activation 

energy 6 enlarges the amplification region in the 

frequency domain. Also, the peak frequency was 

observed to move toward a higher frequency 

from 4 Hz for 6 = 1 0  to 12 Hz for 6=30.  This 

result for HTPB hybrid system shows a quite 

good agreement with the previous result in 

Karabeyglu and Altman (1999). The thermal lag 

time of HTPB/LOX system was evaluated rth= 

OLs/rZ=0.178 sec based on the material properties 

at the nominal condition in this study. As can 

be seen in Fig. 3, thermal lag time of the system 

did not have any influence on the behavior of 

response function. Although Karabeyglu and 

Altman claimed that the system with a smaller 

thermal relaxation time would have a broader 

frequency range of amplification (Karabeyglu 

and Airman, 1999), the current study found that 

the dominant factor in determining the response 

shape is not the thermal relaxation time but the 

activation energy. 

Figure 4 shows three curves normalized by the 

amplitude of steady state n that show the in- 

fluence of heat release Oc on the response func- 

tion at the nominal conditions when activation 

energy 6 is 10. The solid fuel in hybrid rocket, 

HTPB, needs the latent heat flux for vaporiza- 

tion of order of 300--400 cal/gr  since no oxidizer 

is included in the composition whereas the solid 

propellant such as H T P B / A P / A I  generates a 

substantial amount of heat of order of 100 cal/gr  

during decomposition at the surface. Thus, it is 

interesting to find the effect of Qc on the behavior 

of response function with other parameters fixed. 

As seen in Fig. 4, three values of heat release Qc 

of --100, 0 and 100 cal/gr  are used in the calcu- 

lation. The amplitude of response function for 

Qc=100ca l /g r  is much larger than that for the 

negative heat release, although the location of 

peak frequency is about 4 Hz, and the regions of 

amplification are also qualitatively the same tor 

all case of Qc. Thus, we can find the increase in 

Qc causes the combustion response to have a 

larger amplitude and consequently to be more 

sensitive. Although the negative heat release Qc 

that is true for hybrid rocket motor leads the 

response to be more stable to external pertur- 

bations. Thus, the negative heat release, the latent 

heat for vaporization, can be regarded as one of 

the factor for hybrid rocket motor to have the 

stable combustion response. 

Another aspect to be considered is the stabi- 

lity behavior of sensitivity parameters in (,r, zr) 

plane. As mentioned in the previous section, sen- 

sitivity parameters K and zr take an important role 

in determining the stability behavior of response 

function. The change of operating parameters 

such as activation energy, surface temperature, 

and heat release can influence on the sensitivity 

parameters K and zr. Also the corresponding vari- 

ation of sensitivity parameters forms a trajectory 

in Ix, zt') plane. Thus, the stability behavior of  

response function can be determined simply by 

/ "  " , . Q  c = 1 0 0  

1.3 r .. 

J 
" Q e = -  I " ' .  ~ 1.2 

Q. 
E 

,~ 1.1 

Z 

0.9 ! 

0.8 
10 20 30 40 SO 

Frequency(Hz) 

Fig. 4 Normalized response curves tbr various heat 
release Qc. The location of peak frequency 

remains unchanged at about 4 Hz lbr all cases 

of heat release 
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m o n i t o r i n g  the t ra jec tory  in (K, zc) plane.  I f  the 

t ra jec tory  moves  toward  the s tabi l i ty  boundary ,  

the amp l i t ude  of  the response  becomes larger  and  

c o m b u s t i o n  response  becomes  more  sensi t ive to 

external  pe r tu rba t ions .  The  response  leads to in- 

s tabi l i ty  if the t ra jec tory  crosses over  the boun-  

dary. 

In the next, the pa ramet r i c  s tudy was done  to 

find the inf luence of  ac t iva t ion  energy 6, and  

T s -  To on the s tabi l i ty  b e h a v i o r  in the in t r ins ic  

s tabi l i ty  plane.  S h o w n  in Eq. (17),  the pa ramete r  

tc is dependen t  upon  the heat  release Qc and  

T s -  To. The  sensi t ivi ty pa ramete r  a-is a funct ion  

of  an ac t iva t ion  energy Ea ,  heat  release Qc and  

Ts-To.  The  inf luence of  Qc on  K is s h o w n  in 

Fig. 5 agains t  var ious  values of  T s - T o  of  350, 

450, and 520. The  ac t iva t ion  energy is 20 K c a l /  

mole  in the ca lcula t ion .  T he  pa ramete r  K shows a 

m o n o t o n i c  increase for a fixed Z s - T o  as heat  

release Qc increases. However ,  the increas ing 

rate of  /¢ d imin i shes  as T ~-  To increases and  a 

very steep increase  of  K is found  a r o u n d  when  

heat  release Qc becomes  300 and  is T s -  To 350. 

However ,  sensi t ivi ty pa ramete r  K does not  change  

too much  regardless  of  the change  of  "Ts--To 
and shows a m o n o t o n i c  decrease  f rom 0.5 as long 

as heat  release Qc remains  negative.  Thus,  we 

can  see the negat ive  heat  release Qc leads the 

sensi t ivi ty pa ramete r  /c to decrease m o n o t o n i c a l l y  

for all cases of  T s - T o  and the t ra jectory of  tc 

moves  consequen t ly  toward  inside of  the s tabi l i ty  

b o u n d a r y  in (~:, a') plane.  This  can  expla in  how 

the negat ive heat  release of  sol id fuel con t r ibu tes  

to s tabi l ize the c o m b u s t i o n  response  of  hybr id  

rocket  motor .  

Similar ly  as s h o w n  in Fig. 5, the change  of  

sensi t ivi ty pa ramete r  zc can  be found  in Fig. 6 as 

heat  release Qc increases for three  cases of  T s -  

7"0=350, 450, and  520. In the ca lcula t ion ,  n o n -  

d imens iona l  ac t iva t ion  energy e is fixed as 5. 

Sensit ivi ty pa ramete r  zr shows a m o n o t o n i c  in- 

crease as heat  release Qc increases and  fol lowed 

by a steep increase to inf ini ty for all cases of  

Ts-To.  Also the change  in for the case of  

Z s -  T o = 3 5 0  shows a faster rise t han  o ther  cases 

with  larger  Ts--To. However ,  7c falls into  one  

curve as Qc becomes negat ive and  approaches  

to 0.18 for all cases o f  Z s -  To. Thus,  we can  see 

tha t  sensit ivi ty pa ramete r  7r does not  depend  on  

Z s -  To when  Qc is negative. It shou ld  be noted  

that  a pa ramete r  zr is physical ly  l imited wi th in  

the range between zero and  unity.  Also  details  can 

be found  in reference by George  and  K r i s h n a n  

(1998). 

F igure  7 is a g raph  showing  the effect of  n o n -  

d imens iona l  ac t iva t ion  energy c on  the change  

of  7r with a fixed T s - T o = 3 5 0  as heat  release 
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The influence of heat release Qc on the sensi- 
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change too much for different T s -  To when 

heat release Qc is negative 
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Fig. 6 Effect of heat release Qc on the sensitivity 

parameter zrfor various Ts -  To with a fixed 

e. While heat release is negative, zc becomes 

one value for all Ts-- To 
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@c increases. Non-d imens iona l  act ivation energy 

~" is selected as 5, 10 and 20 respectively. As 

seen in Fig. 7, each curve for a fixed ~ increases 

monotonica l ly  and fol lowed by rapid rise and 

shows a very similar increase pattern. The big 

difference from curves is the point  where it shows 

a rapid rise to infinity. For  example,  zr becomes 

almost  infinity at about  Q c = 3 0 0  when s is 20. 

Whereas, we can see the steep increase at about 

Q c = 1 2 0  when c is 5. The absolute value of  7r 

for a large s is much less than that for a small s 

over all Qc. So, we can say sensitivity parameter 

7r is relatively insensitive to the change of  Oc. 

Also zr remains small for large activation energy. 

The result shows that the change of  heat release 

O~, the temperature difference T ~ - T o ,  a n d / o r  

the activation energy ~ may change the charac- 

teristics of  intrinsic stability of  hybrid combus-  

tion system by altering the parameter zr. We can 

conclude that sensitivity parameter 7r remains 

small and does not alter too much while Qc is 

negative and also insensitive to the change of  

T s - T o  and 6. 

As previously mentioned,  operat ing parame- 

ters such as heat release O~, 7~-- To and s can 

change sensitivity parameters /c and ~r simulta- 

neously in forming a trajectory in (to, a) plane. 

Figure 8 shows the intrinsic stability boundary  

of  thermal lag system and two trajectories of  

(K, 7c) with change of  operat ing parameters. A 

1 - 

0 .0  

0 . 6  

0.4 

0.2 , ~ ~ ~ . . ~ . _ ~ . ~ . . ~ . ~ . . - - ~ -  ~l,'~'-~v~ .;~, 

0 ~ . . . . . . . .  t i 
-100 0 100 200 300 

Q© (Pal/g) 

Fig. 7 The influence of heat release Qc on the sensi- 

tivity parameter 7r for various e with a fixed 

~+-To 

thick line in Fig. 8 denotes the intrinsic stability 

boundary.  The stable region is, then, the left of  

the boundary.  The starting point  of  a trajectory 

A is a point  (0.5, 0.168) in (~', ~') plane when 

heat release Qc is zero, and T s - 7 " 0 = 5 2 0 .  The 

direction of  a trajectory A is the direction of  

increase in heat release Qc up to 350 cal /gr .  Here 

non-d imens iona l  activation energy is fixed as 7.8. 

As seen in Fig. 8, the trajectory A remains inside 

of  stable region as heat release Qc increases since 

the increasing rate in rc exceeds that of  K. Thus, 

we can see that the increase in heat release Qc 
does not totally alter the stability behavior  of  the 

response function in this case. 

However ,  it is very interesting to see that the 

decrease in the temperature difference T s - T o  

can lead the trajectory B of (~c, 7r) into the uns- 

table region by crossing the boundary.  The star- 

ting point  of  B is (1.204, 0.109) and the heat 

release Qc is fixed as 300 cal /gr .  Also, the non-  

dimensional  act ivation energy ~ is 19.5, and the 

surface temperature T s  and cold boundary  tem- 

perature To are fixed as 750 K, 300 K respecti- 

vely in the calculation.  As surface temperature 

decreases from 750 K to 620 K and resulting 

T s -  To decreases from 450 to 320, the trajectory 

B moves toward right side showing a faster 

increase in ~c than in zr. Final ly  the trajectory 

O.7m 

0. !  

I 

0.25 
i + 

0 
o 

Fig. 8 

Stable 

Q~ increase I h¢~g(][I 

1 2 3 

K 

Boundary of the intrinsic stability and trajec- 

tories A and B of (It, ,7") as heat release Qc 

increases. Trajectory B crosses over the boun- 
dary and shows a unconditional instability 

with the decrease of 'T~--To 
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B crosses over the stability boundary into the 

unstable regime. Physically, crossing the boun- 

dary means the unconditional amplification of 

input perturbations. This, therefore, implies that 

the hybrid rocket combustion system can always 

have an unstable resonance to perturbations if 

operating conditions would be in a certain con- 

dition with a high Qc and a low T s - T o .  In a 

real hybrid rocket motor, however, we know heat 

release is generally negative and cannot be at- 

tained as large as 350 cal/gr  even though some 

energetic additives such as AP and A1 powder 

would cause heat release Qc to increase gener- 

ally. Thus, it is obvious that the hybrid rocket 

motor operating at the nominal conditions with 

HTPB/LOX combination has a stable combus- 

tion response to the external perturbations. It is 

also instructive to note that the trajectory B 

rotates counterclockwise from the original posi- 

tion, which means the combustion response be- 

comes further stable, as heat release Qe becomes 

negative. 

5. Summary 

In this study, ZN (Zeldovich-Novozhilov) me- 

thod was successfully applied to the hybrid roc- 

ket combustion system. It was assumed that the 

boundary layer adjustment to the oxidizer flux 

perturbation was instantaneously completed, and 

the thermal inertia of solid fuel was only ac- 

counted for in the analysis. The result shows a 

quite good agreement with the previous study 

(Karabeyglu and Altman, 1997, 1999). The tra- 

jectory of sensitivity parameters gives us an over- 

all view of the characteristics of intrinsic in- 

stability of response function in (& 7r) plane. The 

followings can summarize the results 

(1) ZN method was successfully applied to the 

thermal lag system of hybrid rocket combustion 

and showed a quite good agreement with pre- 

vious study. The low frequency instability around 

4 - - 1 0 H z  in hybrid rocket motor with HTPB/  

LOX was revealed mainly due to the thermal 

inertia of solid fuel. Results also show that the 

stability behavior response function is found to 

be independent of the regression rate exponent n 

and the activation energy can dominantly in- 

fluence on the amplitude of response function. 

(2) Even though the increase in heat release 

Qc could alter sensitivity parameters 7c and K 

and corresponding stability behavior, the basic 

characteristics of stability behavior would re- 

main unchanged and stable. Thus the hybrid com- 

bustion system was relatively stable even if a 

small addition of AP and AI would contribute to 

increase Oc- 

(3) The intrinsic stability was affected signi- 

ficantly by the change of the activation energy Ea 

and the temperature difference T s - T o .  For ex- 

ample, the trajectory in the stability plane shows 

the border crossing as T s - T o  decreases for a 

certain operating condition. However, the operat- 

ing condition such as Oc=350ca l /g r  and T s =  

320 K is too unrealistic to occur in the real hybrid 

rocket motor. Thus, we can conclude that hybrid 

rocket motor does have a stable combustion re- 

sponse for all real operating conditions from the 

analysis result. Also, it is tbund that the addition 

of energetic materials such as AP and AI powder 

does not alter the stability characteristics of hy- 

brid rocket combustion. The negative heat release 

is |bund as a major factor for hybrid thermal 

system to have a stable response. 
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